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Cacti with a Given Spectral Property
M. Petrović, Z. Radosavljević, M. Rašajski
Abstract: A connected graph G is a cactus if any two of its cycles have at most one common vertex. This article is a survey of results concerning cacti with a given spectral property,
categorized as follows: (1) extremal cacti, (2) reflexive cacti.
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1

Introduction

Let G = (V (G), E(G)) be a simple graph with n vertices and A(G) be the (0, 1)-adjacency
matrix of G. Since A(G) is symmetric, its eigenvalues are real. Without loss of generality
we can write them in non-increasing order as λ1 (G) ≥ λ2 (G) ≥ · · · ≥ λn (G) and call them
the eigenvalues of G. The characteristic polynomial Φ(G, λ ) of G is defined as Φ(G, λ ) =
det(λ I − A(G)). The family of eigenvalues of a graph G makes up its spectrum. Denote by
ρ (G) the largest eigenvalue of G and by λ (G) the least eigenvalue of G.
If H is a spanning subgraph of G we shall write H ⊆ G; in particular if it is a proper
spanning subgraph, we then write H ⊂ G.
Lemma 1 ([6], p. 19) Let G be a connected graph. If H is connected and H ⊂ G, then
ρ (H) < ρ (G).
Lemma 2 ([6], p. 19) Let λ1 ≥ λ2 ≥ · · · ≥ λn be the eigenvalues of a graph G and
µ1 ≥ µ2 ≥ · · · ≥ µm the eigenvalues of an induced subgraph H. Then the inequalities

λn−m+i ≤ µi ≤ λi

(i = 1, . . . , m)

hold.
For v ∈ V (G), let G − v be the graph that arises from G by deleting the vertex v. The
following result is often used to calculate the characteristic polynomials of graphs.
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Lemma 3 ([24]) Let v be a vertex of G and C (v) be the set of all cycles of G that
contain v. Then
Φ(G, λ ) = λ Φ(G − v, λ ) −
2

∑

Z∈C (v)

∑

uv∈E(G)

Φ(G − u − v, λ ) −

Φ(G −V (Z), λ ) ,

where G −V (Z) is the graph obtained by removing all the vertices belonging to Z, from G.
In this paper we study cacti with a given spectral property. A connected graph G is a
cactus if any two of its cycles have at most one common vertex. If all cycles of the cactus G
have exactly one common vertex, say v0 , then it is called a bundle. The vertex v0 is called
the central vertex of the bundle.

2

Extremal cacti

The investigation of graphs with maximal or minimal index among the connected graphs
of some classes of graphs is an important topic in the theory of graph spectra. The same
holds for the case of maximal or minimal least eigenvalue. Such graphs are called extremal
graphs.
The problem of determining extremal graphs was proposed by Collatz and Sinogovitz
[4] following their investigation of indices of trees. Lovasz and √
Pelikan [10] proved that
among trees with n vertices the star K1,n−1 has the largest index ( n − 1) and the path has
π
).
the smallest index (2 cos n+1
In this section we consider the problem of determining extremal graphs in the set of
cacti.
Let C(n) be the set of all cacti with n vertices that contain cycles. Denote by C(n, k)
the set of all cacti with n vertices and k cycles and by B(n, k) the set of all bundles with n
vertices and k cycles. Let G(C1 , . . . ,Ck ; r) (k ≥ 1, r ≥ 0) be the graph depicted in Fig. 1,
and let S(n, k) be the set of bundles in B(n, k) of the form G(C1 , . . . ,Ck ; r).
Let B∗ (n, k) be the set of bundles in S(n, k) for which the length of the longest cycle
is less than or equal to 4. Also, let t be the maximal number of cycles of length 4; it is
easy to see that t = min{k, n − (2k + 1)}. Denote by Bk,s = B(k − s, s, n − (2k + s + 1))
(s = 0, 1, . . . ,t) the graph in B∗ (n, k) which contains k − s cycles of length 3, s cycles of
length 4 and n − (2k + s + 1) attached vertices of degree one at v0 (Fig. 2). Then B∗ (n, k) =
{Bk,0 , . . . , Bk,t }.
Table 1 contains the list of all bundles in B∗ (n, k) (3 ≤ n ≤ 7, 1 ≤ k ≤ 21 (n − 1)). For
each bundle the least eigenvalue is given in this table (see [5], [6] and [7]).

Cacti with a Given Spectral Property

103

k

C1

Ck

v0

G(C1 , . . . ,Ck ; r)

r
Fig. 1. The bundle G(C1 , . . . ,Ck ; r)
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k−s

v0

Bk,s

n − (2k + s + 1)
Fig. 2. The bundle Bk,s

2.1

Cacti with maximal index

First, we consider the maximal index problem in the set of cacti. Let B∗ have the maximal
index in C(n, k) (k ≥ 1, n ≥ 2k + 1). The procedure of determining the graph B∗ is described
in [1] and it consists of three steps.
In the first step it is proved that any two cycles of the graph B∗ have a common vertex
and any three cycles of the graph B∗ have exactly one common vertex. Now, we conclude
that all cycles of the graph B∗ have exactly one common vertex v0 , i.e. they form a bundle.
In the second step it is proved that B∗ is a bundle with unique tree attached to the vertex
v0 , and this tree contains only vertices at distance one from v0 . It follows that B∗ ∈ S(n, k).
Finally, it is proved that all cycles of B∗ have length three, i.e. B∗ = B(k, 0, n− (2k + 1)).
Let m = ⌊ n−1
2 ⌋. So, the following theorem holds.
Theorem 1 ([1]) The graph B(k, 0, n − (2k + 1)) is the unique graph with maximal
index in the set of all cacti with n vertices and k cycles (1 ≤ k ≤ m).
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n
3
4

k
1
1

5

1

6

2
1
2

7

1
2

3

The graph
B(1, 0, 0)
B(1, 0, 1)
B(0, 1, 0)
B(1, 0, 2)
B(0, 1, 1)
B(2, 0, 0)
B(1, 0, 3)
B(0, 1, 2)
B(2, 0, 1)
B(1, 1, 0)
B(1, 0, 4)
B(0, 1, 3)
B(2, 0, 2)
B(1, 1, 1)
B(0, 2, 0)
B(3, 0, 0)

The least eigenvalue
-1,00000
-1,48119
-2,00000
-1,81361
-2,13578
-1,56155
-2,08613
-2,28825
-1,90321
-2,19117
-2,32340
-2,44949
-2,17741
-2,35269
-2,44949
-2,00000

Table 1. The bundles B∗ (n, k) (3 ≤ n ≤ 7, 1 ≤ k ≤ 12 (n − 1))

Theorem 2 ([1]) The graph B(m, 0, n − (2m + 1)) is the unique graph with maximal
index in the set C(n) (n ≥ 3).
that

Proof. Let B∗ have the maximal index in C(n) (n ≥ 3). By Theorem 1 we may assume
∗

B ∈

m
[
k=1

B(k, 0, n − (2k + 1)).

It is obvious that
B(1, 0, n − 3) ⊂ B(2, 0, n − 5) ⊂ · · · ⊂ B(m, 0, n − (2m + 1)).
By Lemma 1 we have

ρ (B(1, 0, n − 3)) < ρ (B(2, 0, n − 5)) < · · · < ρ (B(m, 0, n − (2m + 1))).
So, we obtain that the graph B(m, 0, n − (2m + 1)) depicted in Fig. 2, is the graph with
maximal index in the set C(n) of all cacti with n vertices. This completes the proof. 2
In the paper [8] the maximal index problem in the set of cacti with perfect matchings
is considered. Recall, a perfect matching of G is a set of mutually independent edges that
cover every vertex of G.
Denote by C1 (2n, k) the set of all cacti on 2n vertices and k cycles, having a perfect
matching. Also, denote by Gn,k the bundle in B(2n, k) that contains k cycles of length 3 and
a pendant edge together with n − k − 1 hanging paths of length two attached to v0 (Fig. 3).
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Fig. 3. The bundle Gn,k

Theorem 3 ([8],[3]) Let G ∈ C1 (2n, k). If n ≥ 4 and k ≥ 1 then

ρ (G) ≤ ρ (Gn,k ),
with equality if and only if G = Gn,k .
For k = 0 the corresponding class is the set of all trees. This case is covered by the
following result from literature.
Theorem 4 ([2],[27]) Let T be a tree in C1 (2n, 0). Then ρ (T ) ≤ ρ (Gn,0 ) and the equality holds if and only if T = Gn,0 .
Finally, observe that
Gn,0 ⊂ Gn,1 ⊂ · · · ⊂ Gn,n−1
and by Lemma 1 we have

ρ (Gn,0 ) < ρ (Gn,1 ) < · · · < ρ (Gn,n−1 ).
So, we also have
Theorem 5 The graph Gn,n−1 has maximal index in the set of all cacti on 2n vertices
having perfect matchings.
2.2

Cacti with minimal least eigenvalue

Now, we consider the minimal least eigenvalue problem in the set of cacti. Let B∗∗ have the
minimal least eigenvalue in C(n, k) (k ≥ 1, n ≥ 2k + 1).
Let X = (x1 , x2 , . . . , xn )T be a column vector in IRn , and G a graph on vertices v1 , v2 , . . . , vn .
Then X can be considered as a function defined on the vertex set of G, that is, for any vertex
vi , we map it to xi = X (vi ), sometimes written xvi . We say that xi is the value on the vertex
vi given by X . The following theorem has an important role in determining the graph B∗∗ .
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Theorem 6 ([15]) Let B be a bundle of the form G(C1 , . . . ,Ck ; r) (k ≥ 1, r ≥ 0) (Fig.
1). If the least eigenvalue λ (B) < −2, then for any eigenvector X of λ (B) the relation
xv0 = x0 6= 0 is satisfied. Also, for any cycle C = v0 v1 . . . vl−1 v0 of B the following properties
hold, with s = ⌊ 2l ⌋:
xi = xl−i

(i = 1, 2, . . . , l − 1)

|x0 | > |x1 | > · · · > |xs−1 | > |xs | > 0

xi−1 xi < 0 (i = 1, . . . , s).

(1)
(2)
(3)

The procedure of determining the graph B∗∗ is described in [15] and it consists of three
steps.
In the first step it is proved that for any graph G ∈ C(n, k)\S(n, k) there is a graph
B ∈ S(n, k) such that λ (B) < λ (G) and G, B have the same cycle lengths. Now, without loss
of generality, we may assume that B∗∗ ∈ S(n, k) (k ≥ 1, r ≥ 0).
Denote by c(G) the circumference of G, i.e. the length of the longest cycle in G. In
the second step it is proved that c(B∗∗ ) ≤ 4, i.e. B∗∗ ∈ B∗ (n, k). Precisely, the following
theorem holds.
Theorem 7 ([15]) If B∗∗ has the minimal least eigenvalue in C(n, k) (k ≥ 1, n ≥ 2k +1),
then B∗∗ ∈ B∗ (n, k).
At the end, in the third step, the following theorem is proved.
Theorem 8 ([15]) Let B∗∗ have the minimal least eigenvalue in C(n, k) (k ≥ 1, n ≥
2k + 1) and t = min{k, n − (2k + 1)}. Also, let n0 (k) = 12 for 1 ≤ k ≤ 2, n0 (k) = 13 for
3 ≤ k ≤ 4 and n0 (k) = 14 for 5 ≤ k ≤ 6.
10 If k ≤ 6 and n < n0 (k), then B∗∗ = B(k − t,t, n − (2k + t + 1)).
20 If k ≤ 6 and n ≥ n0 (k) or k ≥ 7, then B∗∗ = B(k, 0, n − (2k + 1)).
Theorem 9 ([15]) Let B∗∗ have the minimal least eigenvalue in C(n) (n ≥ 3).
10 If n = 3 or n ≥ 12, then B∗∗ = B(1, 0, n − 3).
20 If 4 ≤ n ≤ 6 or 8 ≤ n ≤ 11, then B∗∗ = B(0, 1, n − 4).
30 If n = 7, then B∗∗ = B(0, 1, 3) or B∗∗ = B(0, 2, 0).
Proof. Let B∗∗ have the minimal least eigenvalue in C(n) (n ≥ 3). Also, let m = ⌊ 21 (n −
1)⌋ and l = ⌊ 13 (n − 1)⌋. Then
C(n) =

m
[

C(n, k)

k=1

and by Theorem 7 we may assume that
B∗∗ ∈
where B∗ (n, k) = {Bk,0 , . . . , Bk,t }.

m
[
k=1

B∗ (n, k) ,
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If n ≤ 7, the results follow from the Table 1.
Now, let n ≥ 8. Then, there is a bundle B ∈ B∗ (n, k) such that B(0, 2, 1) is an induced
subgraph of B. By Lemma 2 we conclude that λ (B∗∗ ) ≤ λ (B) ≤ λ (B(0, 2, 1)) = −2, 58874.
By applying Lemma 3 to the vertex v0 of Bk,s we obtain
Φ(Bk,s , λ ) = λ n−2k−2 (λ − 1)k−s−1 (λ + 1)k−s (λ 2 − 2)s−1 Q(k, s, λ ) ,
where
Q(k, s, λ ) = λ 5 − λ 4 − (n − s + 1)λ 3 + (n − 2k + s + 1)λ 2
+ (2n − 6s − 2)λ − 2(n − 2k − s − 1) .

(4)

From (4) we get
Q(k, s, λ ) − Q(k + 1, s, λ ) = 2(λ 2 − 2) > 0
and we conclude that the inequalities

λ (B1,0 ) < λ (B2,0 ) < · · · < λ (Bm,0 )
hold.
Analogously, from (4) we obtain
Q(k, s, λ ) − Q(k + 1, s + 1, λ ) = (λ − 1)(6 − λ 2 ) > 0 .
Now, if 2 ≤ k ≤ l then t = k and we see that the inequalities

λ (Bk,k ) > λ (Bk−1,k−1 ) > · · · > λ (B1,1 )

(5)

are satisfied. Also, we conclude that for k > l and t > 0 the inequalities

λ (Bk,t ) > λ (Bk−1,t−1 ) > · · · > λ (Bk−t,0 ) ≥ λ (B1,0 )

(6)

hold.
Finally, from (5) and (6) we have that B∗∗ ∈ B∗ (n, 1). In conjunction with Theorem 8
this result completes the proof. 2
2.3

Cacti with maximal spread

Recall that the spectral spread sp(G) of a graph G of order n is equal to λ1 (G) − λn (G);
so sp(G) = ρ (G) − λ (G). Based on Theorems 1 and 8 we immediately get the following
result.
Corollary 1 Let n0 (k) = 12 for 1 ≤ k ≤ 2, n0 (k) = 13 for 3 ≤ k ≤ 4 and n0 (k) = 14 for
5 ≤ k ≤ 6. If k ≤ 6 and n ≥ n0 (k) or k ≥ 7, then for each G ∈ C(n, k)
sp(G) ≤ sp(B(k, 0, n − (2k + 1))
with equality if and only if G = B(k, 0, n − (2k + 1)) (see Fig. 2).

At the end of this section we quote two open problems.
Problem 1. Determine graph(s) with minimal index among all graphs in C(n, k).
Problem 2. Determine graph(s) with maximal least eigenvalue among all graphs in
C(n, k).

108

3
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Reflexive cacti

Graphs having λ2 ≤ 2 are usually called reflexive graphs. In fact, these graphs correspond
to sets of vectors in the Lorentz space R p,1 having Gram matrix 2I − A, and consequently
norm 2 and mutual angles 90◦ and 120◦ . They are Lorentzian counterparts of some graphs
that occur in the theory of reflexion groups and they have direct application to the construction and classification of such groups [14]. Graphs having λ2 ≤ 2 ≤ λ1 are also known as
hyperbolic graphs.
Since the property λ2 ≤ 2 is clearly a hereditary one, any search for reflexive graphs
(within a prescribed class of graphs) is naturally aimed at finding maximal connected reflexive graphs. The crucial role in those investigations and in describing of such maximal
graphs play well known Smith graphs ([25], [6] p. 79), the only connected graphs having
the index λ1 = 2 (Fig. 4).
n

n-1

1
2

1

2

n

3
Cn

Wn

Fig. 4.

Smith graphs

The first two Smith graphs (cycles Cn and double-head snakes Wn ) can have arbitrary
number of vertices; the last one (the star K1,4 ) is actually W1 , but it is often convenient to
consider it as a separate case.
In what follows, when saying ”subgraph” we mean induced subgraph of a graph. Then,
G is a supergraph of H if H is a subgraph of G.
3.1

Some general results. Trees

Reflexive trees were investigated in [11], while [13] contains some more general results
concerning the second largest eigenvalue of a tree that can directly be applied to a given
λ2 . Following the terminology and designations of this paper let us consider a graph of the
shape displayed in Fig. 5 and let it be denoted by (G1 , x1 , x2 , G2 ). (This means that G1 and
G2 are two disjoint graphs, x1 ∈ G1 , x2 ∈ G2 and the whole graph is obtained by adding a
single edge between the vertices x1 and x2 .)
We will call a graph G λ -critical at vertex x if λ1 (G − x) < λ < λ1 (G). A graph
(G1 , x1 , x2 , G2 ) will be called a λ -twin if Gi is λ -critical at xi , i = 1, 2. Also, let us call
a tree T λ -trivial if there is a vertex x ∈ T such that λ1 (T − x) ≤ λ , which means that the
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G2

Fig. 5.

largest eigenvalue of no component of T − x exceeds λ . A subtree T1 of a tree T is called
extremal if, for some vertex x ∈ T , T1 is a component of T − x.
Lemma 4 ([13]) If a tree T with λ2 (T ) ≤ λ contains extremal subtrees with eigenvalue
λ , then T is λ -trivial.
Lemma 5 ([13]) A tree T with λ2 (T ) ≤ λ is either λ -trivial or a λ -twin.
Lemma 6 ([13]) Let T be a λ -trivial tree and x a vertex of T such that λ1 (T − x) ≤ λ .
Then λ2 (T ) = λ if and only if k (k ≥ 2) components of T − x have the largest eigenvalue λ ;
in this case x is a special vertex of T , and λ is an eigenvalue of T of multiplicity k + 1.
With one exception all Smith graphs are trees, and by putting λ = 2 in Lemma 4 and 5,
we immediately get the following consequences.
Corollary 2 If a reflexive tree contains extremal subtrees which are Smith trees, then T
is 2-trivial. Also, a reflexive tree is either 2-trivial or a 2-twin.
Clearly, a tree T cannot be 2-trivial and a 2-twin at the same time and also T can be
represented in at most one way as a 2-twin, and these facts hold for arbitrary λ , too.
The next theorem was crucial in directing further investigations towards finding various
classes of maximal reflexive graphs.
Let us call a connected graph positive, null or negative depending on whether its index
is greater than, equal to or less than 2, respectively (i.e. whether it is a proper supergraph of
a Smith graph, a Smith graph or a proper subgraph of a Smith graph).
Theorem 10 ([22], [16]) Let G be a graph with a cut-vertex v. Then we have: 1) if
at least one component of G − v is positive and at least one more is non-negative, then
λ2 (G) > 2; 2) if at least two components of G − v are null and all other are non-positive,
λ2 (G) = 2; 3) if at most one component of G−v is null and any other is negative, λ2 (G) < 2.
This theorem evidently points at cacti as a convenient class of graphs for the search
for maximal reflexive graphs but, on the other hand, it has no answer what happens if one
component is positive while all others are negative. That is why just such cases are the
subject of further consideration.
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Bicyclic graphs with a bridge. Pouring of Smith trees

An early result on maximal reflexive graphs is the case of bicyclic graphs whose two cycles
are joined by a single edge - the bridge. Let the graph of Fig. 5 be such that G1 and G2
are unicyclic graphs and let x1 and x2 belong to the cycles. If a vertex v of a cycle is of
degree deg(v) > 2, we say that v is loaded, and the same holds for x1 or x2 if their degrees
are greater than 3. If e.g. G1 has no loaded vertices, by applying Theorem 10 to the vertex
x2 we can easily establish whether the graph is reflexive. That is why we assume that both
sides (G1 and G2 ) have at least one loaded vertex. On this assumption, all maximal reflexive
graphs of the described shape were found in [22]. Among them, a specially interesting case
is that when we assume that the only loaded vertices are x1 and x2 (and then we say that the
two cycles are free). To describe this result, we have to explain the notion of pouring of a
tree (see Fig. 6).

T1

u1

u2

T2

T
T1

u

T1
T2

v1

G

v2

T2

(b)

(a)
Fig. 6.

If we form a tree T by identifying vertices u1 and u2 (u1 = u2 = u) of two trees T1 and
T2 , respectively, we may say that the tree T can be split at its vertex u into T1 and T2 . If we
split a tree T at all its vertices u, in all possible ways, and in each case attach the parts at
splitting vertices u1 and u2 to some vertices v1 and v2 of a graph G (i.e. identify u1 with v1
and u2 with v2 , and vice versa), we say that in the obtained family of graphs the tree T is
pouring between the vertices v1 and v2 . Of course, this description includes also attaching
of the intact tree T , at each vertex, to v1 and v2 .
Theorem 11 ([21], [22]) If G is a bicyclic graph with a bridge between its cycles to
which Theorem 10 cannot be applied and if all vertices of the two cycles except c1 and c2
are not loaded, then G is reflexive if and only if it is a subgraph of some of the graphs of Fig.
7(a) (obtained by pouring of Smith trees between the vertices c1 and c3 ), or of the graph of
Fig. 7(b).
Of course, S1 and S2 are parts (obtained by splitting) of a Smith tree, which includes the
possibility of attaching an intact Smith tree at c1 . But a cycle is also a Smith graph, and it
turned out indeed that in such a way we also come to a maximal reflexive graph.
Theorem 12 ([21], [22]) In the class of reflexive cacti that have a bridge between some
of its cycles and to which Theorem 10 cannot be applied there is only one family of graphs
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m

c2

c1

c2

c1

n

S1
c3
S2
(a)

(b)

Fig. 7.

with more than two cycles; it is the family of tricyclic graphs T0 of Fig. 8 and these graphs
are maximal within the scope of the described class.

T0
c1
c2
c3
Fig. 8.

3.3

Maximum number of cycles. Replacement

Theorem 10 points out that a reflexive cactus whose cycles have the common vertex, i.e.
form a bundle, can have an arbitrary number of cycles. To look for maximal reflexive cacti
in this case is an extremely hard problem. Also, Theorem 10 directs further investigations
to those cacti in which we have one proper supergraph and all other proper subgraphs of
Smith graphs after the decomposition of the starting graph. Therefore, in what follows we
are looking for reflexive cacti on the two assumptions: that they are not bundles and that
Theorem 10 cannot answer the question whether they are reflexive. The technique applied
to all those investigations is a combination of various elements of algebraic apparatus of
spectral graph theory (especially [24]). For computations we use the expert system GRAPH
and, recently, the newer version newGRAPH [26].
Theorem 13 ([21]) A cactus to which Theorem 10 cannot be applied and whose cycles
do not form a bundle has at most five cycles. The only such graphs with five cycles, which
are all maximal, are the four families of cacti of Fig. 9.
These four families, Q1 , Q2 , T1 and T2 , are now the starting point for finding maximal
reflexive cacti with less than five cycles (always on the mentioned two conditions). That is
why the next theorem is of great importance.

112
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Q1

Q2

T2

T1

c1

c1
c2

c2
c3

c1

c2

c3

c1

c4

c2

c4

c3
c3

(a)

(b)

(c)

(d)

Fig. 9.

Theorem 14 ([19]) Suppose that a graph of the form shown in Fig. 10(a) (an arbitrary
cycle C attached to an arbitrary cactus G at vertex v) is a maximal reflexive cactus for which
Φ(2) = 0 and Φ(G, 2) < 0 and for any extension G1 formed by attaching to G a pendant
edge Φ(G1 , 2) − 2Φ(G1 − v, 2) > 0 holds. If the free cycle C is replaced by an arbitrary
Smith tree (Fig. 10(b)), then the resulting graph is again a maximal reflexive cactus.

S

G

C
v

v

G

(b)

(a)

Fig. 10.

3.4

Maximal reflexive cacti with less than five cycles

Of course, Theorem 14 itself gives many possibilities of replacing free cycles of the families
of graphs in Fig. 9 by Smith trees, giving rise to maximal reflexive cacti with less cycles.
But in fact, there are many more possibilities for their construction. All maximal reflexive
cacti with four cycles (always on the mentioned two conditions) have been found in [20]
and [21], and we can point out here only some interesting parts of the result. Thus, if we
remove the free cycle at c4 of the graph Q2 and if Smith trees pour between c2 and c4 , all
such graphs are maximal reflexive cacti. The same happens if we delete cycle at c3 of T2
and Smith trees pour between c2 and c3 . However, if we remove one of the two free cycles
at c2 of T2 , again Smith trees pour between c2 and c3 and these graphs are maximal except
in one case, which gives rise to three new maximal reflexive cacti ([20], [18]).
Further deletion of cycles from the graphs of Fig. 9 opens possibilities of constructing
tricyclic maximal reflexive cacti. It turned out [12] that the starting cyclic structure (which,
after various ways of extension, will give rise to maximal graphs) may suitably be separated
into four families of graphs, displayed in Fig. 11.
It is evident (when compared with the graphs of Fig. 9) that cases (a), (b) and (c)
actually allow attaching of new free cycles, which then, in tricyclic case, can be replaced
by Smith trees, while case (d) allows only attaching of trees. In [23], case (d) is completely
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c2
c3

c1
c4

l
(l>3)
(a)

(b)

(c)

(d)

Fig. 11.

solved. For cases (a) and (c), so far we have only parts of the solution. In case (a), we
obtain a class of maximal reflexive graphs if all possible pairs of Smith trees pour between
c2 and c4 ([12]). Similarly, in case (c), pairs of Smith trees pour between c1 and c2 , giving
maximal graphs except in two cases ([18]).
Besides the initial case solved in [22], bicyclic reflexive cacti have been considered in
[19]. Some of them can be constructed by means of Theorem 14, but the most remarkable
case is the following. Let us start from the graph Q1 , remove all three free cycles at vertex c2
and let three Smith trees pour between c2 and c3 . Then, these graphs are maximal reflexive
cacti except in three cases, each of which then gives rise to three new maximal cacti ([19]).
Unicyclic reflexive graphs have been treated in [17] and [9]. Besides one more very
interesting case of pouring of pairs of Smith trees, in [17] it has been established the maximum number of loaded vertices of the cycle in these graphs.
Theorem 15 ([17]) The cycle of a unicyclic reflexive graph has at most 8 loaded vertices. This number is attained only if the cycle is octagon and it gives rise to 6 maximal
graphs.
Also, the length of the cycle with 7 loaded vertices is at most 10 ([9]). This paper also
contains all maximal graphs with 7 loaded vertices if the length of the cycle is 10, 9 and 8.
At the end, let us notice that the role of Smith trees in the construction and description
of maximal reflexive cacti is not at all exhausted by their pouring. The doctoral thesis [23]
contains some other interesting cases of application of these graphs.
Acknowledgement This research was supported by Serbian Ministry for Education and
Science under grant No 174033.

References
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maximal reflexive cacti, Discrete Mathematics, Volume 308, Issues 2-3, 6 Feb 2008, 355-366.
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