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New 2D Continuous Symmetric Christoffel-Darboux Formula
for Chebyshev Orthonormal Polynomials of the Second Kind

E. Karoussos, V. D. Pavlović, J. R. Djordjević-Kozarov, Ć. B.Dolićanin

Abstract: In this paper, we propose a new two-dimensional continuous symmetric Christoffel-
Darboux formula for orthonormal classical Chebyshev polynomials of the second kind. This
continuous two-dimensional function of two real variables is most directly applied to ap-
proximation problems and synthesis of filter functions. The examples of the proposed two-
dimensional Christoffel-Darboux formula are illustrated.
Keywords: Christoffel-Darboux formula, Chebyshev polynomials of the second kind, two-
dimensional functions, classical orthogonal functions

1 Introduction

Implementation of classical orthogonal polynomials in filter theory is given in [1-18]. Com-
plete theory of one-dimensional classical continuous orthogonal polynomials is described
in great literature [19 - 25]. Wide range of application of extremal properties of Christoffel-
Darboux formula in physics is described in the literature [26 - 31].

A capital new originally general solution of approximation problem as a prototype of
all-pole low-pass continual time filter functions is proposed in this paper. Approximation
of ideal filter function is derived using Christoffel-Darboux formula for the set of contin-
ual Jacobi orthogonal polynomials on the finite interval [ - 1 , + 1 ], with respect to the
continuous weight function involving the couple of real free parameters, α and β .

Many problems in continuous or discrete domain can be solved by applying the ex-
tremal properties of Christoffel-Darboux sum.

Many actual design problems can be solved by choosing a filter function as result of
the approximation technique by orthogonal polynomials known as the classical, as they are:
Gegenbauer (ultraspherical), Chebyshev (first and second k ind) and Legendre (spherical)
polynomials. Some of applications of orthogonal polynomials in theory of electrical filters
are considered in papers [1-18]. The Jacobi orthogonal polynomials, P(α ,β )

n (x), hold a key
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position in a hierarchy of orthogonal polynomial classes. For certain choices of the real
parameter values, α and β , several classes of orthogonal polynomials considered “classi-
cal” were produced as special or limiting cases of the Jacobi polynomials class. Therefore,
finding a filter function class attributed to Jacobi orthogon al polynomials was a challeng-
ing task. In this paper proposed approximation inherit the extremal property of the parent
Jacobi orthogonal polynomials and demonstrate their suitability in modern filter designing
applications.

By solving it task we found that derived approximation, which proposed in this work,
can be used to generate set of new filter function and set of par ticular solutions wich gener-
ate in literature well known classical filter functions.

In this paper, we propose an original two-dimensional symmetric Christoffel-Darboux
formula for classical orthonormal Chebyshev polynomials of the second kind in the com-
pact explicit form, which is valid for even and odd order. The examples are illustrated and
tables of two-dimensional symmetric functions of low order are given.

2 One-dimensional classical Christoffel-Darbuova formula for ortonormal
Chebyshev polynomials of the second kind

The general form of a polynomial function of n-th order is given in the following expression:

ϕn(x) =
n

∑
k=0

akxk (1)

Chebyshev orthogonal polynomials of n-th order of the second kind, Un(x), the real
variable x, are given in the following expression:

Un(x) =
n
2

[n/2]

∑
k=0

(−1)k (n− k−1)!
k!(n−2k)!

(2x)n−2k (2)

Chebyshev orthogonal polynomials are orthogonal on interval [-1, 1] with the weighting
function ω(x)

ω(x) =
√

1− x2 (3)

Where the norm is

hr =
∫ 1

−1

√
1− x2 Ur(x)Ur(x)dx =

{π
2
, r ̸= 0 (4)

Example 1:
For even n,n = 12, (i.e. n = 2r) Chebyshev polynomials of the second kind, U12(x),

has the form

U12(x) = 1−84x2 +1120x4 −5376x6 +11520x8 −11264x10 +4096x12

and it is shown in Fig. 1.
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Fig. 1: Chebyshev polynomials of the second kind for even order n, n=12, in the normalized interval

Example 2:
For odd n,n = 15, (i.e. n = 2r+1) Chebyshev polynomials of the second kind, U15(x),

has the form

U15(x)=−16x+672x3−8064x5+42240x7−112640x9+159744x11−114688x13+32768x15

and it is shown in Fig. 2.
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Fig. 2: Chebyshev polynomials of the second kind for odd order n, n=15, in the normalized interval

Extremal properties of the polynomial continuous classical one-dimensional real func-
tion is given by Christoffel-Darboux formula for Chebyshev orthogonal polynomials of the
second kind and has the form:

Φn(x) =
[U0(x)]

2

π
2

+
[U1(x)]

2

π
2

+
[U2(x)]

2

π
2

+ . . .+
[Un−1(x)]

2

π
2

+
[Un(x)]

2

π
2

(5)

Based on the expression (5), Table 1 shows examples of polynomial functions of Christoffel-
Darboux formula for orthogonal Chebyshev polynomials of the second kind for different
values.

Based on equality (5) fundamental observations were performed in [20], known in the
literature as Bessel’s and Parserval’s formula.
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Table 1: One-dimensional classical Christoffel-Darboux formula for the given order n

n
( π

2
)

Φn(x) =
n
∑

r=o
Ur(x) ·Ur(x)

0 1
1 1+4x2

2 2−4x2 +164x4

3 2+12x2 −48x4 +64x6

4 3−12x2 +128x4 −320x6 +256x8

5 3+24x2 −256x4 +1088x6 −1792x8 +1024x610
6 4−24x2 +480x4 −2880x6 +7680x8 −9216x10 +4096x12

7 4+40x2 −800x4 +6592x6 −25088x8 +48128x10 −45056x12 +16384x14

8
5−40x2 +1280x4 −13504x6 +68864x8 −187392x10+

278528x12 −212992x14 +65536x16

9
5+60x2 −1920x4 +25536x6 −166656x8 +602112x10−
1261568x12 +1523712x14 −983040x16 +262144x18

10
6−60x2 +2800x4 −45248x6 +366592x8 −1683456x10+

4653056x12 −7880704x14 +7995392x16 −4456448x18 +1048576x20

11
684x2 −3920x4 +76160x6 −747520x8 +4231168x10−
14778368x12 +32849920x14 −46530560x16 +40632320x18−
19922944x20 +4194304x22

12
7−84x2 +5376x4 −122752x6 +1433088x8 −9768960x10+

41828352x12 −116932608x14 +216465408x16 −262930432x18+

201326592x20 −88080384x22 +16777216x24

13
7+112x2 −7168x4 +190848x6 −2609664x8 +21039104x10 −107954176x12+

368328704x14 −854130688x16 +1351090176x18 −1434451968x20+

977272832x22 −385875968x24 +67108864x26

14

8−112x2 +9408x4 −287616x6 +4549632x8 −42747904x10+

258236416x12 −1051541504x14 +2965110784x16 −585772672x18+

8071938048x20 −7604273152x22 +4664066048x24−
1677721600x26 +268435456x28

3 A novel two-dimensional continuous Christoffel-Darboux formula
for Chebyshev polynomials of the second kind

The proposed two-dimensional continuous symmetric Christoffel-Darboux formula for or-
thonormal Chebyshev polynomials of the second kind is the generalization of the results of
Φn(x,y), and it is given by the formula (5). The new formula Φn(x,y) is defined for two
real variables as

Φn(x,y) =
U0(x)U0(x)·U0(y)U0(y)√

h0·h0·h0·h0
+ U1(x)U1(x)·U1(y)U1(y)√

h1·h1·h1·h1
+

...
+Un−1(x)Un−1(x)·Un−1(y)Un−1(y)√

hn−1·hn−1·hn−1·hn−1
+ Un(x)Un(x)·Un(y)Un(y)√

hn·hn·hn·hn

(6)

respectively

Φn(x,y) =
n

∑
r=1

Ur(x)Ur(x)Ur(x)Ur(x)(π
2

)2 (7)
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Homogeneous part of function, Φ(x)−Φ(0), is of interest for solving problems in en-
gineering, physics and atomic physics, and it is presented in the form for two real variables

Φn(x,y)−Φn(0,0) (8)

or normalized form of the homogeneous part of function

Φn(x,y)−Φn(0,0)
Φn(1,1)−Φn(0,0)

(9)

In Table 2 a two-dimensional function Christoffel-Darboux formula for orthonormal
Chebyshev polynomials of the second kind, for polynomials order n = 1,2, . . . ,7 , is given.

For even order, n = 12, the Christoffel-Darboux formula for orthogonal Chebyshev
polynomials of the second kind Φ12(x)is illustrated in Fig. 3.
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Fig. 3: For even order, n = 12, the Christoffel-Darboux formula for orthogonal Chebyshev polynomials of the
second kind Φ12(x)

For odd order, n = 15, Christoffel-Darboux formula for orthogonal Chebyshev polyno-
mials of the second kind Φ15(x) is illustrated in Fig. 4.

Figures 5, 6 and 7 illustrate the examples of odd order (n = 11) of proposed two-
dimensional Christoffel-Darboux formula for orthogonal Chebyshev polynomials of the
second kind.

Figures 8, 9 and 10 illustrate the examples of even order (n = 16) proposed two-
dimensional Christoffel-Darboux formula for orthonormal Chebyshev polynomials of the
second kind.
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Table 2: Continuous two-dimensional Christoffel-Darboux formula for orthonormal Chebyshev polynomials
of the second kind, for different values of n

n
( π

2
)2 Φn(x,y)

1 16y2x2

2 1−8y2 +16y4 −8x2 +80y2x2 −128y4x2 +16x4 −128y2x4 +256y4x4

3
1−8y2 +16y4 −8x2 +336y2x2 −1152y4x2 +1024y6x2 +16x4 −1152y2x4

+4352y4x4 −4096y6x4 +1024y2x6 −4096y4x6 +4096y6x6

4

2−32y2 +192y4 −384y6 +256y8 −32x2 +912y2x2 −5376y4x2 +10240y6x2

−6144y8x2 +192x4 −5376y2x4 +35328y4x4 −71680y6x4 +45056y8x4 −384x6

+10240y2x6 −71680y4x6 +151552y6x6 −98304y8x6 +256x8 −6144y2x8

+45056y4x8 −98304y6x8 +65536y8x8

5

2−32y2 +192y4 −384y6 +256y8 −32x2 +2208y2x2 −19200y4x2 +60928y6x2

−79872y8x2 +36864y10x2 +192x4 −19200y2x4 +182784y4x4 −612352y6x4

+831488y8x4 −393216y10x4 −384x6 +60928y2x6 −612352y4x6 +2134016y6x6

−2981888y8x6 +1441792y10x6 +256x8 −79872y2x8 +831488y4x8

−2981888y6x8 +4259840y8x8 −2097152y10x8 +36864y2x10 −393216y4x10

+1441792y6x10 −2097152y8x10 +1048576y10x10

6

3−80y2 +928y4 −4352y6 +9728y8 −10240y10 +4096y12 −80x2

+4512y2x2 −54528y4x2 +251392y6x2 −534528y8x2 +528384y10x2 −196608y12x2

+928x4 −54528y2x4 +724480y4x4 −3532800y6x4 +7802880y8x4 −7929856y10x4

+3014656y12x4 −4352x6 +251392y2x6 −3532800y4x6 +17879040y6x6

−40566784y8x6 +42074112y10x6 −16252928y12x6 +9728x8 −534528y2x8

+7802880y4x8 −40566784y6x8 +93978624y8x8 −99090432y10x8

+38797312y12x8 −10240x10 +528384y2x10 −7929856y4x10 +42074112y6x10

−99090432y8x10 +105906176y10x10 −41943040y12x10 +4096x12 −196608y2x12

+3014656y4x12 −16252928y6x12 +38797312y8x12 −41943040y10x12 +16777216y12x12

7

3−80y2 +928y4 −4352y6 +9728y8 −10240y10 +4096y12 −80x2 +8608y2x2

−136448y4x2 +857600y6x2 −2631680y8x2 +4198400y10x2

−3342336y12x2 +1048576y14x2 +928x4 −136448y2x4 +2362880y4x4

−15656960y6x4 +49745920y8x4 −81330176y10x4 +65929216y12x4

−20971520y14x4 −4352x6 +857600y2x6 −15656960y4x6

+107597824y6x6 −350945280y8x6 +585236480y10x6 −481820672y12x6

+155189248y14x6 +9728x8 −2631680y2x8 +49745920y4x8

−350945280y6x8 +1167720448y8x8 −1978138624y10x8 +1649410048y12x8

−536870912y14x8 −10240x10 +4198400y2x10 −81330176y4x10

+585036480y6x10 −1978138624y8x10 +3394240512y10x10 −2860515328y12x10

+939524096y14x10 +4096x12 −3342336y2x12 +65929216y4x12

−481820672y6x12 +1649410048y8x12 −2860515328y10x12 +2432696320y12x12

−805306368y14x12 +1048576y2x14 −20971520y4x14 +155189248y6x14

−536870912y8x14 +939524096y10x14 −805306368y12x14 +268435456y14x14
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Fig. 4: For odd order, n = 15, the Christoffel-Darboux formula for orthogonal Chebyshev polynomials of the
second kind Φ15(x)
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Fig. 5: 3D plot of the proposed symmetric two-dimensional continuous Christoffel-Darboux formula for or-
thogonal Chebyshev polynomials of the second kind odd order, n=11
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Fig. 6: 3D plot of the proposed normalized symetric two-dimensinal continuous Christoffel-Darboux formula
for orthogonal Chebyshev polynomials of the second kind odd order, n=11
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Fig. 7: 2D contour plot of the proposed symmetric two-dimensional continuous Christoffel-Darboux formula
for orthogonal Chebyshev polynomials of the second kind odd order, n=11
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Fig. 8: 3D plot of the proposed symmetric two-dimensional continuous Christoffel-Darboux formula for or-
thogonal Chebyshev polynomials of the second kind even order, n=16
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Fig. 9: 3D plot of the proposed normalized symetric two-dimensinal continuous Christoffel-Darboux formula
for orthogonal Chebyshev polynomials of the second kind even order, n=16.
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Fig. 10: 2D contour plot of the proposed symmetric two-dimensional continuous Christoffel-
Darboux formula for orthogonal Chebyshev polynomials of the second kind even order,
n=16.
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4 Conclusion

Symmetric two-dimensional continual Christoffel-Darboux formula for orthogonal Cheby-
shev polynomials of the second kind in compact explicit form is presented in this paper.
The formula is general and applies to the even and odd order for two real variables.

The examples of even and odd order of the proposed formula are illustrated and shown
in the table of two-dimensional real function, Φn(x,y), which is generated by the proposed
formula, and is applicable in the technique for the synthesis of analog and digital filter
functions.
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[12] M. LUTOVAC, D. RABRENOVIĆ, All-pole filters using ultraspherical polynomials, European
Conf. Circuit Theory Design, ECCTD’91, pp.203-212, Copenhagen, Sep. 1991.
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[24] D. MITRINOVIĆ, Uvod u specijalne funkcije, Gradjevinska knjiga, Beograd, 1972.
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